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1. Introduction 

The pure spinor formalism for the superstring [|IJ has the advantage over the Ramond- 
Neveu-Schwarz (RNS) formalism of being manifestly spacetime supersymmetric and has 
the advantage over the Green-Schwarz (GS) formalism of allowing covariant quantization. 
However, the worldsheet origin of the pure spinor formalism is mysterious since its BRST 
operator and b ghost do not arise in an obvious manner from gauge-fixing. 

In the non-minimal pure spinor formalism, the BRST current and b ghost can be 
interpreted as twisted c = 3 N=2 superconformal generators 0. But when expressed in 
terms of the d=10 superspace variables and the non-minimal pure spinor variables, the b 
ghost and the resulting N=2 superconformal transformations are extremely complicated. 
In fact, the nilpotency of the b ghost was only recently verified @||]. 

In this paper, it will be shown that the b ghost dramatically simplifies when expressed 
in terms of a fermionic vector ?/> m that is defined in terms of the other worldsheet variables. 
If one treats the ten i(j rn variables as independent variables, 5 of the 16 6 a variables of d=10 
superspace (and their conjugate momenta) can be eliminated ||. The remaining 11 9 a 
variables and their conjugate momenta transform as the worldsheet superpartners of the 
pure spinor variables. The resulting N=2 superconformal field theory generated by the b 
ghost and the BRST current can be interpreted as a "dynamically twisted" version of the 
RNS formalism. 

In this dynamically twisted superconformal field theory, the N=2 generators are 

t = -\dx™d Xm - (A ^ A V ftr + (i.i) 

£ 2(AA) 

2(AA) V 

_ (A7 m 7 n A) 
Jbrst 2(Xa = ) + -' 

J = _(A7m^A)^ n + ^ 
2(AA) 

where A a and A a are the non-minimal pure spinor ghosts whose projective components pa- 
rameterize the coset SO(10)/U(5) that describes different twistings. The remaining terms 
...in ( |TTT| ) are determined by requiring that (A a , A Q ) and their worldsheet superpartners 
transform in an N=2 supersymmetric manner. 
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So the resulting N=2 superconformal field theory is the sum of a dynamically twisted 
RNS superconformal field theory with an N=2 superconformal field theory for the pure 
spinor variables. This interpretation of the BRST operator and the b ghost as coming from 
dynamical twisting of an N=l superconformal field theory will hopefully lead to a better 
geometrical understanding of the pure spinor formalism. 

In section 2, the non-minimal pure spinor formalism is reviewed. In section 3, the 
b ghost in the pure spinor formalism is shown to simplify when expressed in terms of an 
RNS-like i/j rn variable. In section 4, dynamical twisting of the RNS formalism will be 
defined and the resulting twisted N=2 superconformal generators will be related to the b 
ghost and BRST current in the pure spinor formalism. And in section 5, the results will 
be summarized. 

2. Review of Non-Minimal Pure Spinor Formalism 

As discussed in ||, the left- moving contribution to the worldsheet action in the non- 
minimal pure spinor formalism is 

S = J d 2 z[~dx m dx m - Pa d6 a + w a d\ a + w a d\ a - s a dr a ] (2.1) 

where x m and 9 a are d=10 superspace variables for m = to 9 and a = 1 to 16, p a is 
the conjugate momentum to 6> a , A a and A Q are bosonic Weyl and anti-Weyl pure spinors 
constrained to satisfy A7 m A = and A7 m A = 0, and r a is a fermionic spinor constrained to 
satisfy A7 m r = 0. Because of the constraints on the pure spinor variables, their conjugate 
momenta w a , w a and s a can only appear in gauge-invariant combinations such as 

N mn = ^ 7 mn A), Ja = M), S mn = ^( S1 mn X), S=(sX), (2.2) 

which commute with the pure spinor constraints. 

The d=10 superspace variables satisfy the free-field OPE's 

x m (y)x n (z) -rj mn log \y - z\\ p a (y)6 p (z) (y - z)" 1 ^, (2.3) 

and, as long as the pure spinor conjugate momenta appear in gauge-invariant combinations 
and normal-ordering contributions are ignored, one can use the free-field OPE's of pure 
spinor variables 

w a (y)\?(z) (y - z)-Hl w a {y)\p(z) ^ iv ~ s a (y)r p (z) -+ (y - z)" 1 ^. 

(2.4) 
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It is convenient to define the spacetime supersymmetric combinations 

U m = Qx m + 1(0^00), ^ = ^ _ 1 + ±(dy m d6)){y m 6) a (2.5) 

which satisfy the OPE's 

d a {y)dp(z) -> -(y - z)- l Ii ml ^ d a (y)U m (z) -> (y - z)- 1 ( 7 m 9(9) a . (2.6) 

As shown in 0, the non- minimal BRST current forms a twisted c = 3 N=2 super- 
conformal algebra with the stress tensor, a composite b ghost, and a U(l) ghost-number 
current. These twisted N=2 generators are 

T = --dx m dx m - Pce d9 a + w a d\ a + w a d\ a - s a dr a , (2.7) 

b-s d\ a + ^ (2.8) 

{\l mnp r){d lmnp d + 24N mn U p ) (n mnp r)(X 1 m d)N n P (n mnp r)(XY qr r)N mn N qr 



192(AA) 2 16(AA) 3 128(AA) 4 

3BRST = \ a d ct -w a r a , (2.9) 

Jghost = w a X a - s a r a - 2(AA)- 1 [(A5A) + (rdd)] + 2(AA)" 2 (Ar)(A^). (2.10) 

The terms -^(AA)" 1 ^ in (|J) and -2(AA) _1 [(A<9A) + (rd9)] + 2(AA)" 2 (Ar)(A^) 
in (|2.10|) are higher-order in a' and come from normal-ordering contributions. To simplify 
the analysis, these normal-ordering contributions will be ignored throughout this paper. 
However, it should be possible to do a more careful analysis which takes into account these 
contributions. 



3. Simplification of b Ghost 

In this section, the complicated expression of ( |2.8| ) for the b ghost will be simplified 
by including an auxiliary fermionic vector variable which will be later related to the RNS 
ifj m variable. The trick to simplifying the b ghost is to observe that the terms involving d a 
in ( p.8|) always appear in the combination 

T m = i(AA) _1 (A 7 m c2) - i(AA)" 2 (A 7 ^r)iV np . (3.1) 
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Note that only five components of T™ are independent since r m ( 7m A) a = 0. In terms of 

b = n m r m - ~ (AA) _1 (A7 mn r)r m r n + s a dX a + w a d6 a - ±(\Z)- 1 (wy m X){\>y m dO) (3.2) 
where terms coming from normal-ordering are being ignored and the identity 

#5 = \lWS - ih^lhmn^ - \S16$ (3.3) 

has been used. 

It is useful to treat ( |3.1| ) as a first-class constraint where T m is a new worldsheet 
variable which carries +1 conformal weight and satisfies the constraint r m ( 7m A) a = 0. Its 
conjugate momentum will be defined as T m of conformal weight zero and can only appear 
in combinations invariant under the gauge tranformation generated by the constraint of 
(p]). Note that and T m satisfy the OPE f m (y) T n (z) -»• (y - z)- 1 ^ and have no 
singular OPE's with the other variables. 

One can easily verify that the b ghost of ( |3.2| ) is gauge-invariant since it has no 
singularity with (|3.1|) . Furthermore, any operator O which is independent of F m can be 
written in a gauge-invariant manner by defining Oi nv = e R O e~ R where 

R = f T m [\(\\)-\\l m d) - ^(AA)" 2 (A 7 ^r)iV np ]. (3.4) 

For example, the gauge-invariant version of the BRST current is 

G+ = e R (\ a d a - w a r a )e~ R = \ a d a - w a r a (3.5) 

—r^ixxy^ix^nX)^ - (r 7n7m A)r n ] 

+ hr m T n [(XX)- 1 (X lmn d9) - (AA)- 2 (A^)(A 7mn A)] 
+ ^r™r™(AA)- 2 [(A 7mrip r)IF + (r 7mnp r)f P ] 

o 

-^T m T n T^[2(XX)- 3 (Xde)(Xj mrip r) - (AA)" 2 (A 7mnp c>A)] 



where the constraint of (|3.1|) has been used to substitute V for ^(AA) (A 7 m <i) — 
i(AA)- 2 (A 7 m7tp r)^ 



2 ' 
np- 



One can also compute the gauge-invariant version of the stress tensor and U(l) current 
of O and (ETIBD which are 

T = e R {-\dx m dx m - Pa d9 a + w a d\ a - s a dr a + w a d\ a ) e~ R (3.6) 
= -\dx m dx m - Pa d9 a + w a d\ a - s a dr a + w a d\ a - Y m dY m 

and 

J = e R [w a \ a + r a s a ) e~ R = w a \ a + r a s a + r m f m . (3.7) 

The operators of (|3.6|) , (|3.2|) , ( |3.5|) and ( |3.7|) form a set of twisted N=2 superconformal 
generators which preserve the first-class constraint of ( |3.1| ). The resulting N=2 supercon- 
formal field theory will be related to a dynamical twisting of the RNS formalism where the 
RNS fermionic vector variable if)™ 1 is defined as 

^m =T m + 1 (A A)-ir n (A 7 ™7™A). (3.8) 

Note that t^ 771 satisfies the usual OPE t(j rn (y)i() n (z) — > (y — z)~ 1 r/ rnn and commutes with 
the constraint r m (7 m A) a = 0. Since this constraint eliminates half of the T m variables 
and can be used to gauge-fix half of the T m variables, the remaining 10 variables of T m 
and T m can be expressed in terms of i/j™. 

Although w a and w a have singular OPE's with i/j m , one can define variables w' a and 
w' a which have no singular OPE's with ?/> m as 

w a = w' a - l^mMi^rHl^a - A a (AA)- 2 (A 7 mn A)], (3.9) 

_ Q _ l fmrn(Al) _ 1( ^^ A)Q = _ /a _ ^ roi[(Al) -i (7 m« A)a _ a«(AA)- 2 (A 7 ^A)]. 

Note that w a always appears in the combination w a — |r m r n (AA) _1 (7 7n 7 n A) a since it is 
this combination which commutes with the constraint r m (7 m A) a = 0. 

When expressed in terms of V> m , w' a and W /Q , the twisted N=2 generators of ( |3.6|) , 
([O]), ([J3p and (|X7| take the form 

T = -\dx m dx m - Pa d9 a + w' a d\ a - s a dr a + w' a d\ a (3.10) 

-^ m dlP m - - A d[{\\)-\\ lmln \)^ n ]: 



G~ = ^(AA)- 1 (A 7m7n A)^ m n^ + s a d\ a + w' a d6 a - ^(AA)" V7 m A)(A 7m «90) 
+^m^(AA)- 1 [(A 7 mn a^) + (AA)- 1 (Aa^)(A 7 mn A) + (r 7 mn A) + (AA)" 1 (rA))(A 7 mn A)], 

G+ = -^(\\)-\\ lmln \)i(; n n m + X a d ct -w' a r ct 
+^m^(AA)- 1 [(A 7 ™d#) + (AA)- 1 (^)(A 7 ^A) + (r 7 ron A) + (AA)~ 1 (rA))(A 7 7nn A)], 

+G~ ( AA) " 2 ( \ lmnp r)^ n V] , 

J = -\{XX)- X {\l m J)^ n + w' a X a + r a s a , 

where G~[-^(XX)~ 2 (X"f mrip r)tp' m tJj ri tjj p ] denotes the single pole in the OPE of G~ with 
^(AA) -2 (A 7mnp r) , i/> m 'i/> n 'i/; p and is equal to the last two lines of (|3.5|). 

Except for the extra term G~[^(XX)~ 2 (X"f rnnp r)tp m "tp n tp p } in G + , the generators of 
( p.lOj) have a very symmetric form. This asymmetry in G + and G~ can be removed by 
performing the similarity transformation O — > e R O e~ R on all operators where 



R = -^J (AA)" 2 (A 7mnp r)^> p . (3-11) 



This similarity transformation leaves G + of ( |3.10|) invariant but transforms T, G and J 



as 

1 - - 



T -> T + -d{{XX)-\X lmnp r)^rr), (3-12) 
G - _> G - + G-[^XX)-\X lmnp r)^rri 

1 



J ^J+j^(XX)- 2 (X lmnp r)^ m rr- 
It also transforms the constraint of into the constraint 



\{\\)-\\l n l m \)^ n = i(AA)- 1 (A7 m d) - J(AA)- 2 (A 7 ^r)< p (3.13) 



where N' np = \w'^ np X. 



After performing the similarity transformation of ( 3.11 ), the twisted N=2 generators 
preserve the constraint of ( |3.13| ) and take the symmetrical form 

t = - x -dx m dx m - \^ m d^ m - Pa de a + l -{w' a d\ a - \ a dw' a ) (3.14) 

-\(s a dr a + r a ds a ) + w' a dK + \dJ, 



-G+ + G~ = ip m ll m - X a d a + w ,a r a + s a dX a + w' a d9 a - ^(AA)" 1 (u/ 7 m A)(A 7m <90), 



1 _ 1 _ _ 

» * — 1 / \ _ \ \„i.m„i.n i /'\\^ — 2/\_ „\„i.Ttl„i.n„i.p i \a i „ „ct 



J = --(AA)- i (A 7mri A)^ n + —{\\Y 2 {\i m n P r)iP m rV + <A Q + r 



G+ + G~ = [-G+ + G-,J] 

= iPrnUniXXy^Xj^X) + \ a d ce - w' a r a + S a dX a + w' a d6 a - ^ (XX) " X («j' 7 m A) 

+^ m ^(AA)" 1 [(A 7 m? \9#) + (AA)- 1 (Aa^)(A 7 ^A) + ( n mn X) + (AA)- 1 (rA))(A 7 ^A)] 
+^tp m tp n [(XX)- 2 (X lmnp r)W + ^(AA)- 3 (r 7mnp r)(A 7 VA)^] 

+ _L^^^p[_ 2 (AA)- 3 (Aa^)(A 7mrip r) + (AA)~ 2 (A 7mnp <9A)], 

where the last two lines in G + + G~ is G~ [j^(XX)~ 2 (X / y rnnp r)ip rn ip n ip p ]. These N=2 gener- 
ators of ( p.!4j ) will now be related to a dynamically twisted version of the RNS formalism. 



4. Dynamical Twisting of the RNS Formalism 

In this section, the RNS formalism will be "dynamically twisted" to an N=2 super- 
conformal field theory by introducing bosonic pure spinor variables A a and A a and their 
fermionic worldsheet superpartners. The corresponding twisted N=2 superconformal gen- 
erators will then be related to the twisted N=2 generators of ( |3.14j) in the pure spinor 
formalism. 

Twisting the N=l RNS superconformal generators 

T = -Ux m dx m -^ m d^ G = iP m dx m (4.1) 



into N=2 superconformal generators usually involves choosing a U(5) subgroup of the 
Wick-rotated SO (10) Lorentz group and splitting the ten x m and ^ m variables into five 
complex pairs (x a 1 x a ) and (ip a ,ip a ) for a = 1 to 5. One then defines the twisted N=2 
superconformal generators as 

Trns = -dx a dx" - i?d^ a , (4.2) 

G~ RNS = Tdx\ G + RNS = -</><W, 
Jrns = -VmA'N 

which satisfy the OPE G+(y)G~(z) -»• (y - z)~ 2 J(z) + (y - z)~ 1 T(z). 

To dynamically twist, one instead introduces pure spinor worldsheet variables A Q and 
A Q satisfying 

A 7 m A = 0, A 7 m A = 0, (4.3) 

whose projective components parameterize the coset SO(10) /U(5). The N=2 supercon- 
formal generators of Q4.2|) can then be written in a Lorentz-covariant manner as 



Trns = -\dx m dx m - ^ m d^ m - ^[(AA)- 1 ^^)^^], (4-4) 

Gr NS = i(AA)- 1 (A 7 m 7 n A)V ro ^ n , G+ NS = -i(AX)- 1 (A7 B 7 m A)^m^„, 

Jrns = -^(XXy^X^X)^^. 

The next step is to introduce the fermionic worldsheet superpartners of the pure spinor 
variables (A a , A a ) and their conjugate momenta (w' a ,w' a ). The fermionic superpartners of 
A a and w' a will be denoted 6 a and p a , and the fermionic superpartners of A Q and w' a will 
be denoted r a and s a . They are constrained to satisfy 

A 7 m d# = 0, A 7 m r = 0, (4.5) 

which will be the worldsheet supersymmetry transformation of the pure spinor constraints 
of ( ^.3| ). Because of the constraint A 7 m <9# = 0, 6 a is a constrained version of 9 a which 
only contains eleven independent non-zero modes. The corresponding twisted N=2 super- 
conformal generators for these pure spinor multiplets are defined as 

T pure = w' a d\ a - p a d9 a + w' a d\ a - s a dr a , (4.6) 
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G vure = w' a 90 a + s a d\ a , G+ = X a p a - w' a r 



J = w ' X a 4- r a s 



which preserve the pure spinor constraints of ([Of) and fl4.5Q . 

Finally, one adds the N=2 superconformal generators of Q4.4j) and (|4.6|) in a manner 
that preserves the N=2 algebra. This can be done by defining T, J and — G + + G~ as the 
sum 

T = Tuns + T pure , J = Jrns + Jpure, (4.7) 
-G+ + G~ = (-G+ + G~) RN s + (-G+ + G~) pure , 
and then defining G + + G~ using the commutator algebra 

G + +G~ = [-G+ + G~,J}. 

Since G^ ure and G~ ure do not commute with Jrns, G + + G~ is not the sum of (G + + 
G~)rns and (G + + G~) pure . 

The resulting N=2 superconformal generators for the dynamically twisted RNS for- 
malism are 

T = -~dx m dx m - X -^ m d^ m - p a dd a + ~ (w' a d\ a - X a dw' a ) (4.8) 
-\{s a dr a + r a ds a ) + w' a d\ a + \dJ, 

-G+ + G~ = i) m dx m - \ a p a + w ,a r a + s a d\ a + w' a d6 a , 

J = -i(AA)- 1 (A 7nw »A)V' m V' n + <A Q + r a s a , 

G+ + G~ = [-G+ + G~,J] 
= ^ ro ^ n (AA)- 1 (A 7 rnn A) + X a p a - w' a r a + s a d\ a + w' a dd a 
+^m^n(AA)- 1 [(A 7 mn ^) + (AA)- 1 (A^)(A 7 mrt A) + (r 7 mn A) + (AA)" 1 (rA))(A 7 mn A)]. 



The N=2 superconformal generators of (|4.8| ) are obviously closely related to the N=2 



generators of (|3.14| ) in the pure spinor formalism, but there are three important differences. 
Firstly, the generators of ( f4.8| ) are not manifestly spacetime supersymmetric since they 
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involve dx m and p a instead of n m and d a . Secondly, the U(l) generator J of Ql.8|) does 
not include the term j^(XX)~ 2 (X , y mnp r)tjj rn tp n tp p . And thirdly, the 9 a variable in Qi.8|) is 
constrained to satisfy A7 m <96> = 0. 

The first difference is easily removed by performing the similarity transformation 
O — > e R O e~ R on all operators in ( |4.8| ) where 



R = \ I (^ m o)i> m . (4.9) 



This similarity transformation does not affect T or J of ( |4.8|) but transforms — G + + G 
into the manifestly spacetime supersymmetric expression 

-G + + G~ = ii m fl m - X a d a + w' a r a + s a dX a + w' a dd a (4.10) 

where IT 771 = dx m + |(#7 m <9#) and d a = p a — \{dx m + \(0^ m dQ))(^ m Q) a , and transforms 
the Vm9x n (AA)" 1 (A7 mn A) term in G+ + G~ into ^ m fl n (AA)- 1 (A7 mn A). 

The second difference in the generators can be removed by modifying the definition 
of dynamical twisting in ( f4.4j ) so that the appropriate term is added to J. The generator 
— G + +G~ = (—G + +G~)ftNs + (—G + +G~) pure and the untwisted stress tensor T—^dJ = 
(T — \3J)rns + (T — \dJ) pure of (|4.8|) will be left unchanged. But J will be modified so 
that after performing the similarity transformation of Q4.9Q , the new J includes the term 
j^(AA) -2 {X^ mnp r)ip m ip n ip v . And to preserve the N=2 algebra, G + + G~ will be defined 
as the commutator [— G + + G~ . J] using the new J. 

Since e~ R ip m e R = ip m — \ {^l m Q)i this means one should modify J in ( [Op to 

J = -^(AA)- 1 (A 7 mn A)^ m ^n + w' a X a + r a s a (4.11) 

+^(AA)- 2 (A 7 m ^r)(^ m - I(A 7m ^))(^ - \{X ln em p - ^(A 7 /)). 

Although this modification of J looks unnatural, it has the important consequence of 
breaking the abelian shift symmetry 6 a — > 6 a + c a where c a is any constant. This shift 
symmetry leaves invariant the generators of ( fl.8|) , but has no corresponding symmetry in 
the pure spinor formalism and should not be a physical symmetry. 

After modifying J in this manner and performing the similarity transformation of 
the generators of (|4.8| ) coincide with the generators of (|3.14| ) except for the restric- 



tion that A7 m <9# = 0. This final difference between the generators can be removed by 
interpreting X^ m d6 = as a partial gauge-fixing condition for the symmetry generated by 
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the first-class constraint of (|3.13|) . After relaxing the restriction X^dO = and adding 
the term — ^(\\)~ 1 (w'^ m \)(\j m d9) to G~ , the generators of ( |4.8|) coincide with those of 
( p.!4j) and therefore preserve the constraint of ( |3.13|) . 

Since the generators preserve ( |3.13|) , it is consistent to interpret (|4.8[) as a partially 
gauge-fixed version of (|3.14|) where the symmetry generated by ( |3.13|) is used to gauge-fix 
X^dO = 0. On the other hand, the original N=2 generators of ( |2.7|) - (|2.1U[ ) of the pure 
spinor formalism can be interpreted as a gauge-fixed version of ( J3.14| ) where the gauge- 
fixing condition is (A7 m 7 n A)'i/' n = 0. This is easy to see since (A7 m 7 n \)i/j n = implies 
that R = in the similarity transformations of (|3.5| ), (|3.6| ) and (|3.7|). 



5. Summary 

In section 2, the b ghost of the pure spinor formalism was simplified by introducing the 
fermionic vector variable F™ of (|3~l]). After expressing T™ in terms of the RNS variable ip m 
using (|3.8|) , the b ghost and BRST current form a symmetric set of twisted N=2 generators 
( |3.14| ) which preserve the constraint of ( |3.13[ ). 

In section 3, the corresponding N=2 superconformal field theory was interpreted as 
a dynamically twisted version of the RNS formalism in which the pure spinors X a and 
A Q parameterize the SO(10)/U(5) choices of twisting. The dynamically twisted RNS 
generators are obtained from (|3.14| ) using the constraint of ( |3.13|) to gauge-fix \^ m d6 = 0. 
And the twisted N=2 generators of the original pure spinor formalism are obtained from 
( |3.14|) using the constraint of ( |3.13| ) to gauge-fix (A7 m 7 n A)V'n = 0. 
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